Entanglement entropy of Primordial Black Holes after inflation by Espinosa-Portalés, Llorenç & García-Bellido, Juan
ar
X
iv
:1
90
7.
07
60
1v
1 
 [g
r-q
c] 
 17
 Ju
l 2
01
9
Entanglement entropy of Primordial Black Holes after inflation
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In this paper we study the survival of entanglement of a scalar field state created during inflation.
We find that there exist UV-finite subdominant contributions to the entanglement entropy per
momentum mode that scale with the number of e-folds between horizon exit and the end of inflation,
and depend on the logarithm of the radius of the entangling surface, which can be taken to be the
horizon sphere. We argue that this entanglement entropy allows for the formation of entangled
Primordial Black Holes (PBH). We find that the entropy arising from the entanglement between
PBH is small compared with their Bekenstein entropy.
I. INTRODUCTION
The interplay between Gravity, QFT and Quantum In-
formation has been a subject of increasing interest in the
last decades. Following the interpretation of the horizon
area of a Black Hole as its entropy [1] and the discovery
of the area law of entanglement entropy in QFT [2], there
have been many studies of the entanglement entropy of
the vacuum in free field theories in Minkowski [3, 4] or
in curved backgrounds. Some of its applications include
the entangled nature of the quantum states arising from
particle-creation scenarios such as the Hawking and Un-
ruh effects [5].
Black Hole physics is certainly the most studied phe-
nomenon within this interplay, even though many ques-
tions related to this topic remain open [5, 6]. Quantum
entanglement in cosmological space-times has been how-
ever less extensively treated but can have potential in-
teresting consequences [7, 8]. In the inflationary scenario
primordial cosmological perturbations arise from quan-
tum fluctuations that are stretched out of the Hubble
scale during inflation and reenter it during the radiation-
or matter-dominated eras. These perturbations are the
well-known seeds for structure formation in the universe.
Oftentimes their quantum origin is understated because
the cosmological observables at hand do not find any dis-
tinctive quantum signature. In other words, the universe
may not be classical but appears classical. This apparent
contradiction is called decoherence without decoherence[9]
and leaves the door open for an alternative, classical ori-
gin for the primordial perturbations, which although in-
teresting we will not consider here.
If the observable universe appears classical it is be-
cause it exists in a mixed state. Hence, from a quantum-
mechanical point of view, it is entangled with the non-
observable universe. It is known that the vacuum state
of de Sitter space-time is entangled in a way that goes
beyond the area law found in Minkowski space-time,
as it was found by Maldacena and Pimentel [10]. Its
corresponding entanglement entropy includes both UV-
divergent and UV-finite terms. The former arise from
local physics, while the latter are related to true long-
range or non-local correlations.
We argue that this kind of entanglement may survive
after inflation. In particular, we explore in this paper
how some terms can be related to the entanglement of
isotropic modes across a spherical entangling surface, be-
ing the horizon the natural choice, given its physical in-
terest. This entanglement would also affect a Primordial
Black Hole (PBH) formed by the gravitational collapse
of a casual domain during the radiation era [11]. We
would like to understand how this entanglement entropy
among the PBH and the rest of the universe may act as an
entanglement trap among the PBH themselves and pre-
serve a long-range correlation between them. In a future
work we will explore the phenomenological consequences
of this correlation.
The paper is organized as follows. In section II we
review the time evolution of the vacuum state during
inflation in the Schro¨dinger picture. In section III we
reformulate the theory of a scalar field in a radiation-
dominated universe by means of canonical quantization
in spherical coordinates. In section IV we compute the
entanglement entropy per mode of the resulting state. In
section V we discuss how the bipartition of a quantum
mode in an inner and an outer component works. In sec-
tion VI we show how the contributions for each mode
should be integrated to give the final result. In section
VII we make some comments about the implication of
these results for Primordial Black Hole formation. Fi-
nally we sum up with conclusions and outlook to further
research.
II. THE QUANTUM STATE AFTER INFLATION
We consider a massless field φ that can be used for
instance to describe primordial curvature perturbations.
Since primordial gravitational waves are described by the
same dynamics, our results will also be valid for them.
The choice of the vacuum state in dS is not unique due
to the lack of a time-like Killing vector. A possible crite-
rion to fix the vacuum state is to pick the mode functions
so that they reduce to plane waves in the distant past.
This defines the so called Bunch-Davies vacuum, which
is usually accepted to be the most reasonable option,
2even though alternatives exist and have been studied.
It is specially safe to choose the Bunch-Davies vacuum
in applications to inflation, since only a piece of dS is
actually needed to describe a short period of accelerated
expansion and those modes with wavelength larger than
the event horizon at the beginning of inflation are phe-
nomenologically irrelevant.
In the Schro¨dinger picture, the Bunch-Davies vacuum
evolves into a squeezed state due to the action of the
time-evolution operator (S-matrix):
S(η) = e−iηH(η) (1)
With a Hamiltonian that contains a squeezing term:
H =
1
2
∫
d3k
[
k
(
a(~k, η)a†(~k, η)
)
+
+ i
a′
a
(
a†(~k, η)a†( ~−k, η)− a(~k, η)a( ~−k, η)
) ] (2)
It can be shown that the time-evolution operator can
be rewritten in the following way [12]:
logS(η) =
∫
d3k
r(~k, η)
2
[
a(~k, η0)a( ~−k, η0)e−iφ(~k,η)
− a†(~k, η0)a†( ~−k, η0)eiφ(~k,η)
] (3)
And it acts on the vacuum creating a two-mode
squeezed state, which entangles the ~k and −~k modes:
|0, η〉 = S(η) |0, η0〉
= ⊗k 1
cosh r
∞∑
n=0
(
e−iφ tanh r
)n |n〉~k |n〉−~k (4)
Where η0 is the conformal time at the beginning of
inflation and r and φ are respectively the squeezing pa-
rameter and phase, which depend only on the conformal
time η and the norm of the momentum k. We refer the
reader to [13] for a review of the physics and mathemat-
ics of squeezed states as well as to the original references
on two-mode squeezed states [14, 15]. In the problem at
hand one finds that r ∼ N where N is the number of
e-folds between horizon exit and the end of inflation.
This state shows entanglement between ~k and −~k
modes and its entanglement entropy is given by [16]:
Sent = 2
[
log(cosh r)− log(tanh r) sinh2 r] (5)
Which reduces to Sent ≃ 2r for r ≫ 1 as is usu-
ally the case. This entanglement entropy is related to
the coarsed-grained entropy of primordial perturbations
computed by Brandenberger, Mukhanov and Prokopec
[17]. Indeed they found the entropy density to be:
s =
∫
d3k log sinh2 rk ≃
∫
d3k2rk (6)
It is true that apparently we are comparing entropy
density with total entropy, but it is not the case since af-
ter integrating the entanglement entropy over all possible
momentum modes we get a quantity in units of entropy
density. The scaling can be properly regularized via dis-
cretization:
∫
d3k →
∑
k
=
(
kmax
kmin
)
∼ k3maxL3 (7)
Which indeed grows as the volume.
It would be interesting to check other ways in which
quantum entanglement is present in this state. In partic-
ular we will try to ellucidate the entanglement between
modes restricted to the interior and the exterior regions
of the particle horizon.
III. CANONICAL QUANTIZATION IN
SPHERICAL COORDINATES
Introducing the auxiliary field χ = aφ the equation of
motion of the scalar field takes a simple form [18]:
χ′′ −∇2χ− a
′′
a
χ = 0 (8)
Using the fact that during the radiation-dominated
era a ∼ η the equation of motion reduces to that on
Minkowski space-time and therefore its solutions are the
well-known plane waves. In spherical coordinates this is
equivalent to:
∂2χ
∂η2
− 1
r
∂2
∂r2
(rχ)− 1
r2
∆S2χ = 0 (9)
Where the Laplacian on the 2-sphere is given by:
∆S2 =
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
+
1
sin2 θ
∂2
∂φ2
(10)
The solutions to this equation are known to be:
χk,l,m(η, r, θ, φ) =
1√
2ω
e−iωηjl(kr)Ylm(θ, φ) (11)
Where jl(z) =
√
π
2zJl+1/2(z) are the spherical Bessel
functions and Ylm(θ, φ) are the spherical harmonics. No-
tice that for a massless field, as it is our case, the disper-
sion relation is ω = k.
3We need to normalize this with respect to the Klein-
Gordon inner product.
(χklm, χk′l′m′) = i
∫ ∞
0
r2dr
∫
dΩ
(
χ∗klm
↔
∂ηχk′l′m′
)
=
π
2k2
δ(k − k′)δll′δmm′
(12)
The choice of functions makes therefore perfect sense
from the point of view of the Klein-Gordon inner product,
since they are orthogonal. We reabsorb the factor 1/k2
into the definition of the mode functions since we antici-
pate it to be important for the operator field expansion.
We also reabsorb the constant factor π/2.
χklm(η, r, θ, φ) =
1√
2ω
e−iωη
√
2
π
kjl(kr)Ylm(θ, φ) (13)
The field operator φ can be expanded in terms of these
functions:
φ(η, r, θ, φ) =
∫ ∞
0
dk
∞∑
l=0
l∑
m=−l
k√
2ω
jl(kr)·
·
(
Y ∗lm(θ, φ)e
iωηaklm + Ylm(θ, φ)e
−iωηa†klm
)
(14)
The field operator must of course satisfy the Canonical
Commutation Relation:
[φ(η, r, θ, φ),Π(η, r′, θ′, φ′)] = iδ(3)(~r − ~r′) (15)
Which is achieved by imposing:
[aklm, ak′l′m′ ] = 0 =
[
a†klm, a
†
k′l′m′
]
[
aklm, a
†
k′l′m′
]
= δ(k − k′)δll′δmm′
(16)
As one would expect, this canonical quantization in
spherical coordinates is completely equivalent to the
usual canonical quantization in cartesian coordinates.
The destruction and creation operators in both descrip-
tions are related by the following expression:
a~k =
∞∑
l=0
l∑
m=−l
il
k
Ylm(kˆ)aklm (17)
And its inverse:
aklm = (−i)lk
∫
dΩY ∗lm(kˆ)a~k (18)
Where kˆ = ~k/k and is simply parametrized by two
angular variables. In terms of this creation and annihila-
tion operators in spherical coordinates the time-evolution
operator becomes:
logS(η) =
∫
d3k
r(~k, η)
2
∑
l,l′,m,m′[
il+l
′
k2
Ylm(kˆ)Yl′m′(−kˆ)aklmakl′m′e−iφ(~k,η)
− (−i)
l+l′
k2
Y ∗lm(kˆ)Y
∗
l′m′(−kˆ)a†klma†kl′m′eiφ(
~k,η)
]
(19)
After applying some properties of the spherical har-
monics and integrating over the angular variables one
gets a simpler expression for the operator:
logS(η) =
∫
dk
r
2
∑
l,m
(−1)m ·
[
aklmakl,−me−iφ − a†klma†kl,−meiφ
]
(20)
This operator has a slightly different effect for l = 0
and l 6= 0. Indeed by expressing:
S(η) =
∏
l,m
Slm(η) (21)
We see that:
logS00(η) =∫
dk
r(~k, η)
2
[
ak00ak00e
−iφ(~k,η) − a†k00a†k00eiφ(
~k,η)
]
(22)
The operator S00 creates nothing but a one-mode
squeezed operator out of the vacuum. By factoring the
state as well:
|0, η〉 = ⊗lm |0, η〉lm (23)
We find that:
|0, η〉00 = S00(η) |0〉
= ⊗k2
1√
cosh r
∞∑
n=0
√
(2n!)
n!
(
−1
2
e2iφ tanh r
)
|2n〉k00
(24)
On the other hand, for the other modes Slm is a two-
mode squeezing operator:
4logSlm(η) =
∫
dk
r
2
(−1)m[
aklmakl,−me−iφ(
~k,η) − a†klma†kl,−meiφ(
~k,η)
]
(25)
Which creates a two-mode squeezed state. This kind
of state carries entanglement between the m and −m
modes:
|0, η〉lm = ⊗k2
∞∑
n=0
(
e2iφ(−1)m+1 tanh r)n
cosh r
|n〉klm |n〉kl,−m
(26)
To sum up, in spherical coordinates the quantum state
after inflation has the following properties:
• The isotropic mode l = 0 is found in a one-mode
squeezed state.
• The anisotropic modes l 6= 0 are found in a two-
mode squeezed state, which entangles m and −m
modes. This is one source of entanglement, but
there is still another one due to the in- and out-
horizon bipartition.
IV. COMPUTING THE ENTANGLEMENT
ENTROPY
As stated in the previous section, the anisotropic
modes (i.e. those with l 6= 0) are found in two-mode
squeezed states and show therefore entanglement be-
tween m and −m modes. This entanglement is related
directly to the entanglement between ~k and −~k modes
that is found in cartesian coordinates. The computation
of its entanglement entropy follows analagously and de-
livers the same result Sent ≃ 2r for large r.
The second simplest form of entanglement is the one
across the particle horizon (or any other entangling sur-
face for that matter, although we will focus on the hori-
zon for its physical relevance) for isotropic modes, i.e.
those with l = 0. We will proceed with the ansatz that
the creation and destruction operators can be split into
an inner and an outer component as follows:
ak00 ≡ ak = αak,in + βak,out (27)
With |α|2+ |β|2 = 1 and the usual Canonical Commu-
tation Relations (CCR), in which it should be taken into
account that the inner and outer operators commute:
[ak,in, ak′,in] = [ak,out, ak′,out] = 0[
a†k,in, a
†
k′,in
]
=
[
a†k,out, a
†
k′,out
]
= 0
[ak,in, ak′,out] =
[
a†k,in, a
†
k′,out
]
=
[
ak,in, a
†
k′,out
]
= 0
(28)
We will deal later with the fact that, in general, the
following commutators do not satisfy the canonical rela-
tions:
[
ak,in, a
†
k′,in
]
6= δ(k − k′) 6=
[
ak,out, a
†
k′,out
]
(29)
Any quantum state can be expressed in terms of n-
particle states created by these inner and outer operators,
which take the following form:
|n〉 = 1√
n!
(
a†
)n |0〉 = (α∗a†in + β∗a†out)n |0〉
=
n∑
m=0
(
n
m
)1/2
αmβn−m |m〉in ⊗ |n−m〉out
(30)
Now, the l = 0 sector of the vacuum state is a one-
mode squeezed state, which can be written in its standard
particle basis decomposition and then split into in- and
out-horizon components:
|0, η〉00 =
1√
cosh r
∞∑
n=0
√
(2n)!
n!
(
−1
2
e2iφ tanh r
)n
·
·
2n∑
m=0
(
2n
m
)1/2
αmβn−m |m〉in ⊗ |2n−m〉out
(31)
And we can build the corresponding density matrix:
ρ00 = |0, η〉00 〈0, η|00
=
1
cosh r
∞∑
n,n′=0
(−2)−(n+n′)
√
(2n)!(2n′)!
n!n′!
·
· e2iφ(n−n′) tanhn+n′(r) ·
2n,2n′∑
m,m′=0
(
2n
m
)1/2(
2n′
m′
)1/2
·
· αm+m′β(n−m)+(n′−m′)
· |m〉in 〈m′|in ⊗ |2n−m〉out 〈2n′ −m′|out
(32)
Now we trace out the inner degrees of freedom in order
to obtain the reduced density matrix of the outer degrees
of freedom.
ρout = Trinρ =
∞∑
q=0
〈q|in ρ |q〉in
=
1
cosh r
∞∑
n,n′=0
min(2n,2n′)∑
l=0
(−2)−(n+n′)
√
(2n)!(2n′)!
n!n′!
e2iφ(n−n
′) tanhn+n
′
(r)α2lβn+n
′−2l·
·
(
2n
l
)1/2(
2n′
l
)1/2
|2n− l〉out 〈2n′ − l|out
(33)
5In order to compute the von Neumann entropy of this
density matrix we would in principle need to compute
its logarithm and, therefore, diagonalize it. Its compli-
cated structure and infinite size make it seem an impos-
sible task. Hence, we will compute it using a different
method, namely exploiting the available knowledge of
the von Neumann entropy of generic two-mode Gaussian
states. Even though it may not seem obvious that ρ00
is a Gaussian state, it has been proven that any quan-
tum state created by a time evolution driven by a bilinear
two-mode Hamiltonian is a two-mode Gaussian state [13].
This means that, even though the state itself is charac-
terized by an infinite set of coefficients, it only contains
a much more reduced amount of information codified in
its first and second statistical moments, that is, in its
expected values and covariance matrix. In other words:
the density matrix of a single mode is created from the
vacuum by acting with a squeezing operator, which de-
pends on a few parameters, two per momentum mode.
Therefore, its entanglement entropy should also depend
on these parameters only. This means that, even though
one needs in principle all the matrix elements to com-
pute the logarithm of the matrix, it cannot have any
non-trivial dependence that is not encoded in the depen-
dence on the parameters. We use in the following the
formalism described in [19] to compute the entanglement
entropy.
We introduce the following auxiliary field and conju-
gated momentum operators:
φin/out =
1√
2
(
ain/out + a
†
in/out
)
πin/out =
−i√
2
(
ain/out − a†in/out
) (34)
Then one defines the covariance matrix σ of a quantum
state as follows:
σij =
1
2
〈xixj + xjxi〉 − 〈xi〉 〈xj〉 (35)
Where i = 1, 2 and the vector x is defined as x =
(φin, πin)
T
The expected values 〈xi〉 can be set to zero without
loss of generality. As a matter of fact, they are zero in
our case. Let us use the short notation:
ρout =
∞∑
n,n′=0
min(2n,2n′)∑
l=0
cnn′l |2n− l〉out 〈2n′ − l|out
(36)
Then:
〈
a†out
〉
= Tr
(
ρouta
†
out
)
=
∞∑
n,n′=0
max(2n,2n′)∑
l=0
cnn′l
√
2n′ − l · δ2n−l,2n′−l−1
= 0
(37)
This is 0 because the condition of the Kronecker delta
can never be fulfilled since n and n′ are integers. Sim-
ilarly one obtains 〈aout〉 = 0. Hence, we focus on the
second statistical moments:
〈
a†a
〉
= Tr
(
ρa†a
)
= Tr
(
aρa†
)
= Tr

 ∞∑
n,n′=0
min(2n,2n′)∑
l=0
cnn′l
√
(2n− l)(2n′ − l) |2n− l − 1〉 〈2n′ − l − 1|


=
∞∑
n,n′=0
min(2n−1,2n′−1)∑
l=0
cnn′l
√
(2n− l)(2n′ − l)δ2n−l−1,2n′−l−1
=
1
cosh r
∞∑
n=0
(−2)−2n (2n)!
(n!)2
tanh2n r · 2n
2n−1∑
l=0
(2n− 1)!
l!(2n− l − 1)!α
2lβ2(n−l)
=
1
cosh r
∞∑
n=0
2−2n
(2n)!
(n!)2
tanh2n r · 2nβ2 = β2 sinh2 r
(38)
And the same for the other moment:
6〈aa〉 = Tr (ρaa) = Tr (aρa)
= Tr

 ∞∑
n,n′=0
min(2n−1,2n′)∑
l=0
cnn′l ·
√
(2n′ − l + 1)(2n− l) · |2n− l − 1〉 〈2n′ − l + 1|


=
∞∑
n,n′=0
min(2n−1,2n′)∑
l=0
cnn′l ·
√
(2n′ − l+ 1)(2n− l) · δ2n−l−1,2n′−l+1
=
1
cosh r
∞∑
n=1
2n−2∑
l=0
√
(2n− l − 1)(2n− l)(−2)−2n+1
√
(2n)!(2n− 2)!
n!(n− 1)! ·
· e2iφ tanh2n−1 r
(
2n
l
)1/2(
2n− 2
l
)1/2
α2lβ4n−2l−2
=
1
cosh r
∞∑
n=1
2−2n+1
(2n)!
n!(n− 1)!e
2iφ tanh2n−1 r
2n−2∑
l=0
(
2n− 2
l
)
α2lβ4n−2l−2
=
1
cosh r
∞∑
n=1
2−2n+1
(2n)!
n!(n− 1)!e
2iφβ2 tanh2n−1 r = e2iφβ2 sinh r cosh r
(39)
We will neglect in the following the contribution of
the phase, since we can always reabsorb it by means of
the transformation a → e−iφa which does not affect the
physics of the problem.
With this we can compute the elements of the covari-
ance matrix:
σφφ = 〈φφ〉 = β2er sinh r + 1
2
(40)
σππ = 〈ππ〉 = 1
2
− β2e−r sinh r (41)
σφπ = 0 (42)
The entanglement entropy of the quantum state is re-
lated to the determinant of the covariance matrix as fol-
lows:
S =
1− µ
2µ
ln
(
1 + µ
1− µ
)
− ln
(
2µ
1 + µ
)
(43)
With:
µ =
1
2n
√
detσ
(44)
Where n is the number of quantum modes. In our
present case, n = 1. And the determinant is given by:
detσ = σφφσππ − σ2piφ =
1
4
+ β2(1− β2) sinh2 r
(45)
Notice that this result is symmetric under the exchange
of β2 and α2 = 1− β2 This consistency requirement is of
uttermost importance.
And so:
µ =
1
2
√
detσ
=
1√
1 + 4β2α2 sinh2 r
(46)
Being the result for the entanglement entropy:
S = log
[
1
2
(
1 +
√
1 + 4β2α2 sinh2 r
)]
+
1
2
(
−1 +
√
1 + 4β2α2 sinh2 r
)
·
· log
(
1 +
√
1 + 4β2α2 sinh2 r
−1 +
√
4β2α2 sinh2 r
) (47)
Now, let us consider a completely equal bipartiton, i.e.
α = β = 1√
2
. Then:
µ =
1√
1 + sinh2 r
= sechr (48)
For r ≫ 1, as it is usually the case in cosmological
application, this in turn leads to:
S ∼ 2r (49)
7Which means that the entanglement between inner and
outer modes grows linearly with r and vanishes for r = 0.
This turns out to be the case as well for any other value
of β. The main difference is that the linear behaviour is
preceded by a slow exponential growth before becoming
linear, and the more β departs from its equipartion value
β = 1/
√
2 the longer this linear behavior appears.
On the other hand, for fixed r the following dependence
for α < 1√
2
is observed:
S ∼ logα (50)
We will discuss this in a later section but we advance
the following Ansatz for the scaling of the coefficients α
and β:
α =
√
R
L
and β =
√
1− R
L
(51)
So that:
S ∼ log R
L
(52)
Where L is an IR regulator. Therefore, an IR diver-
gence arises due to the term logL. But actually for really
small α we have that S → 0. This can be checked tak-
ing the complete formula or, more easily, performing a
Taylor expansion around α = 0:
S ≃ α2 [1− log (α2 sinh2 r)] sinh2 r (53)
This result should be interpreted carefully. Indeed, if
we take the limit L→∞ this is in a sense equivalent to
taking the limit R→ 0. This would mean that all degrees
of freedom have been traced out and so the entanglement
entropy must vanish. The actual quantity should be reg-
ularized. We think a reasonable regularization scheme
would be taking the Hubble scale during inflation as ini-
tial size of the universe and then expand it exponentially
during the N e-folds that inflation lasts:
L = H−1eN (54)
This prescription is borrowed from regularization
schemes in quantum cosmology and stochastic inflation
[20–22]. It is also consistent with the Bunch-Davies pre-
scription for the vacuum state, since it cannot be applied
to modes whose wavelength was larger than the Hubble
scale at the beginning of inflation.
The key is that in any case it scales as S ∼ logR. This
does not however violate the area law, because this form
of entanglement arises solely due to the squeezing and
vanishes the moment the limit r → 0 is taken.
From this expression it can be inferred that the en-
tanglement entropy given by the long-range correlations
is any case subdominant compared to the usual short-
range UV-divergent entanglement entropy that follows
the area law. However, it should still be integrated for
all the available modes.
V. MODE BIPARTITION
The expression we used to split the creation and an-
nihilation operators of the scalar field theory defined on
the whole space-time manifold seems a bit obscure. In
this section we will argue why the coefficients α and β
should scale as indicated before.
In order to do this, let us place the theory in a spher-
ically symmetric lattice, so that the radial coordinate is
discretized while keeping the angular coordinates contin-
uous. Then the field itself is discretized into a set of
fields φr(θ, φ) living at each point of the lattice and can
be expanded in terms of its associated annihilation and
creation operators ar and a
†
r. They satisfy the canonical
commutation relations:
[
ar, a
†
r′
]
∼ δrr′ (55)
Or, in the continuum limit:
[
ar, a
†
r′
]
=
1
4πr2
δ(r − r′) (56)
The usual momentum-defined creation and annihila-
tion operators are recovered through a Bessel transform
in the continuum limit:
ak =
∫
d3r
√
2
π
j0(kr)ar (57)
We can split this integral into two regions and so define
the inner and outer components of the operator:
ak = 4π
∫ R
0
drr2k
√
2
π
j0(kr)ar+4π
∫ ∞
R
drr2k
√
2
π
j0(kr)ar
(58)
And we can approximately identify:
ak,in ∼ 4π
∫ R
0
drr2k
√
2
π
j0(kr)ar
ak,out ∼ 4π
∫ ∞
R
drr2k
√
2
π
j0(kr)ar
(59)
The integrals are defined in three dimensions and the
delta functions is defined to be the spherically symmetric
8three dimensional one in order to show that this formal-
ism can be generalized to include anistropic modes, even
though we will not need them here.
From this point of view it is clear that it is legitimate
to perform a bipartition of the local degrees of freedom
of the scalar field into inner and outer components with
respect to some spherical surface of radius R. For cos-
mological applications it is of particular interest to pick
R to be some horizon, for instance the particle horizon
of a radiation-dominated universe as it is the case we are
dealing with.
Then there is an alternative field operator expansion
in terms of inner and outer mode functions. We restrict
ourselves in the present analysis to the isotropic modes
l = 0 but it could be extended to the anisotropic modes
as well.
φ0 =
∫ ∞
0
dk
k√
2ω
(fk,inak,in + fk,outak,out + h.c.) (60)
Which means that the mode functions need to be nor-
malized with respect to the Klein-Gordon inner product.
∫ R
0
drr2j0(kr)j0(kr) ∼ R∫ L
R
drr2j0(kr)j0(kr) ∼ L−R
(61)
Where an IR regulartor L has once more been intro-
duced. We find it reasonable to suggest the following
scaling for the coefficients of the mode splitting:
α =
√
R
L
& β =
√
1− R
L
(62)
As it was used in the previous section. Notice once
more that α2 + β2 = 1
The creation and annihilation operators so constructed
must be treated carefully, since they do not exactly sat-
isfy the canonical commutation relations:
[
ak,in, a
†
k′,out
]
∼
∫ R
0
drdr′rr′j0(kr)j0(k′r′)
[
ar, a
†
r′
]
∼
∫ R
0
drr2j0(kr)j0(k
′r)
(63)
This integral does not give anything proportional to
δkk′ even though it is clerly peaked at k = k
′. Of course,
this means that the scalar product 〈k|k′〉 will also be pro-
portional to this integral and, therefore, the set of states
ank,in |0〉 can be used to span the whole inner Hilbert space
but it does not form an orthonormal basis. However, once
the Hilbert space is restricted to one momentum mode,
the set of vectors does form an orthonormal basis on that
Hilbert subspace thanks to the δnn′ factor appearing in
the computation of the scalar product. The same applies
of course to the outer Hilbert space.
These considerations do not change the form of the
quantum state after inflation as we treated it in section
II. The reason is that, even though a single inner or outer
operator may affect several momentum modes, the com-
bination ak,in + ak,out = ak does not.
One may wonder as well about the validity of the com-
putation of the entanglement entropy, since it involves
the computation of two partial traces and no orthonor-
mal basis is available. We argue that, even though the
partial traces cannot be indeed be computed exactly, the
computation of section II is a good enough approxima-
tion. Let us asumme that we have at our disposal an
orthonormal basis |j〉 where j stands as a multi-index
that labels momentum and particle number. This basis
is related to our non-orthonormal basis |j˜〉 via a linear
transformation:
|j˜〉 = C |j〉 (64)
We actually have meaningful information regarding the
linear operator C. Its matrix elements are given by:
Cpqnm ≡ Cjh ≡ 〈j˜|C |h〉 = 〈j˜|h˜〉
∼
∫ R
0
drr2j0(pr)j0(qr)δnm
(65)
The mode functions are normalized and therefore we
have that Cjj = 1 and so the linear operator can be
splitted into the identity plus corrections C = 1+ǫ. Since
the integral is peaked at p = q we assume ǫ to be small.
In particular, the inverse of the operator can be written
as C−1 ≃ 1−ǫ. Furthermore, it is traceless and so it does
not affect at first order the computation of the relevant
traces for our problem. Let us see how this works out for
the trace of some linear operator A:
TrA =
∑
j
= 〈j|A |j〉 =
∑
j′
〈j˜|C−1AC−1 |j˜〉
=
∑
j′
[〈j˜|A |j˜〉 − ℜ (〈j˜|Aǫ |j˜〉)+O (ǫ2)] (66)
Now let use this expression for the density matrix ρ of
a separable state with respect to the momentum modes
such as the one created after inflation. This operator
is diagonal, whereas all diagonal elements in ǫ vanish.
Hence, the expected value of the product of both opera-
tors is 0. This leaves the approximate result:
TrA ≃
∑
j˜
〈j˜′|A |j˜〉 (67)
9This finishes the argument that the computation of the
entanglement entropy above is a good approximation.
VI. MODE COUNTING AND THE AREA LAW
The computation presented in section IV is far from
accounting for the whole entanglement entropy of the
region inside a sphere of radius R. In fact, it is limited for
two reasons: it accounts only for isotropic modes (l = 0)
and only those with a given momentum k. Hence, it is
a measure of the entanglement per isotropic mode. It is
characterized by its squeezing parameter r, which is in
turn a function of the momentum k and in particular the
number of e-folds Nk between horizon exit and the end
of inflation. Roughly one gets r ∼ N .
Then one simply needs to integrate:
S ∼
∫
dk r(k) logR (68)
This integral could be in principle model-dependent.
Notice that there is no dependence on R2 as opposed to
the standard area law for entanglement in QFT on 3+1
dimensions. We can understand this from the point of
view that, effectively, the restriction to isotropic modes
delivers a 1+1-dimensional theory. Such theories are
known to have a logarithmic scaling of the entanglement
entropy.
In the computation of the entanglement entropy done
by Maldacena and Pimentel they also found a term pro-
portional to the number of e-folds or, more explicitly, to
log(−η). This computation is performed in the limit of
very late time and therefore we can consider that every
mode has crossed the event horizon long time ago. In
that case:
S =
∫ ∞
0
dkN(k) log
R
L
=
∫ Λ
0
dk log(−ηk) log R
L
= Λ log
R
L
[log(−η) + logΛ− 1]
(69)
Where Λ is a UV cut-off. In the limit L → ∞ the
logarithm must be replaced by a term that goes as ∼ RL
and so tends 0. At the same time we take the limits
Λ→∞ and keeping the product ΛRL constant. Then we
get the following contributions to the entropy:
S = c log(−η) + c′ log Λ (70)
With some coefficients c and c′ to be determined. Both
kind of terms exist in dS and therefore also in a radiation-
dominated universe if we assume it is preceded by an
extremely long inflationary epoch.
In order to recover the usual UV-divergent area-law
scaling entanglement entropy, as well as additional UV-
finite terms proportional to the area, the whole tower of
l and m modes must be taken into account. Restricting
ourselves now to the true vacuum state |0〉, it carries no
angular momentum, i.e. l = 0 and m = 0. Angular
momentum can be shown to be a good quantum number
of the particle states in spherical coordinates introduced
in section II. This means that L2 |l,m〉 = l(l + 1) |l,m〉
and Lz |l,m〉 = m |l,m〉. Therefore, if the vacuum is
to be splitted, it must be done in a way that preserves
the total angular momentum. This can be done with
the formalism of the Clebsch-Gordan coefficients, widely
used in Quantum Mechanics. One should therefore find
an analogous of the singlet state of two-particle systems
with spin. The difference here is that in QFT the total
number of particles is not fixed a priori and so there
can be many contributions. This computation will be
explored in future work.
VII. PHENOMENOLOGICAL IMPLICATIONS.
ENTANGLED PBH FORMATION
It is to be expected that the computation showed here
does not hold for R < RH where RH = H
−1 is the Hub-
ble radius. The reason is that the modes of the scalar
field and any other available quantum field defreeze after
horizon reentry and start interacting. This interaction
will presumably scramble the interior quantum state as
well as any mode re-entering the horizon at later times.
This scrambling should destropy any long-range correla-
tion inside the observable universe.
The story changes if we consider some of the momen-
tum modes to be able to trigger a gravitational collapse
that creates a Primordial Black Hole. This would act as
an entanglement trap that prevents the long-range cor-
relation between different Primordial Black Holes to be
destroyed by scrambling. This is no longer true for the
entanglement between a Primordial Black Hole and the
non-collapsed regions of the observable universe, which
will be scrambled anyway. The entanglement between a
Primordial Black Hole and non-collapsed regions outside
the Hubble horizon is not affected by this scrambling,
which is a sub-horizon process.
Entangled Black Holes have been considered before in
the literature [23, 24], being usually maximally entan-
gled. We have presented here a viable mechanism to
produce entangled Primordial Black Holes. It must be
noted, however, that they would not be maximally en-
tangled, as their long-range entanglement entropy does
not saturate the Bekenstein bound [25].
It can be easily seen that RH is the relevant scale
for Primordial Black Hole formation. In a radiation-
dominated universe the scale factors grows as a ∼ t1/2
and therefore the Hubble scale grows as RH = H
−1 = 2t
10
in natural units. With this scaling at hand, we can ex-
tract the evolution of the energy density from the second
Friedmann equation:
H2 =
8πG
3
ρ =
1
4t2
and so ρ =
3
32πGt2
(71)
Then it is possible to compute the mass contained in-
side the Hubble scale:
M =
4π
3
ρ(2t)3 =
t
G
(72)
The Schwarzschild radius of a black hole of this mass
corresponds precisely to the Hubble radius:
RS = 2GM = 2t = RH (73)
It is clear then that, up to a O(1) factor due to the
efficiency of the gravitational collapse, the Primordial
Black Hole will be of the size of the Hubble scale, i.e.
MPBH = γM and so actually RS = γRH . Picking RH as
the radius of the entangling radius is therefore equivalent
to studying the entanglement trapped by the Primordial
Black Hole.
The formation of a Primordial Black Hole by the grav-
itational collapse of the radiation contained inside the
Hubble scale is accompanied by an enormous increase in
classical entropy. Indeed, the entropy of the gas of rela-
tivistic particles within the Hubble scale can be written
as [26, 27]:
Sgas =
2π2
45
g∗S(T )T 3VH (74)
Where VH is the Hubble volume, g∗(T ) is the num-
ber of relativistic degrees of freedom and natural units
including kB = 1 were used, so that the entropy is a di-
mensionless quantity. On the other hand, the resulting
Primordial Black Hole carries the Bekenstein-Hawking
entropy, which is proportional to its event horizon area:
SPBH =
AH
4AP
= 4πγ2
t2
t2P
(75)
WhereAP = 4πL
2
P is the Planck area, LP is the Planck
length and tp is the Planck time. Since the Hubble scale
is time-dependent, so are the mass and the entropy of the
Primordial Black Hole.
Time and temperature are related in a radiation-
dominated universe [26, 27]:
t
tP
=
(
45
16π3g∗(T )
)1/2(
TP
T
)2
(76)
This way we can express both the entropy of the rela-
tivistic gas and the entropy of the Primordial Black Hole
as a function of temperature:
Sgas =
4
3
T 3P
T 3
(
45
16π3g∗
)1/2
SPBH = 4πγ
2
(
45
16π3g∗
)
T 4P
T 4
(77)
And so the ratio of both quantities is a function of
temperature as well:
SPBH
Sgas
=
(
405
16π
)1/2
γ2g
−1/2
∗
TP
T
(78)
Let us apply this equation to the QCD phase transition
temperature. Then T ≃ 200MeV and g∗ ≃ 10. Taking
into account that TP = 1.22× 1019GeV one gets:
SPBH
Sgas
≃ γ2 · 5× 1019 (79)
This large number suggests that gravitational collapse
via PBH formation is an extremely efficient way of gen-
erating a burst of entropy production which could fill the
universe with entropy and be alarmingly close to saturate
the Bekenstein bound.
VIII. CONCLUSIONS AND OUTLOOK
In this paper we have studied the quantum entangle-
ment of a scalar field during the radiation era after infla-
tion. Thanks to the inflationary dynamics, the quantum
state of the field is highly squeezed. This squeezing leads
to subdominant terms in the entanglement entropy that
go beyond the area-law. This kind of terms is also found
in the entanglement entropy of a field living in dS and
signals the survival during the radiation era of the entan-
glement created during inflation.
It may seem puzzling that quantum entanglement of
the state created during inflation should be conserved
after its end. Indeed, if inflation is capable of creating
entanglement, the next cosmological era may very likely
destroy it. In order to gain some intuition about it, let
us put in simpler, qualitative terms, the evolution that
the quantum state undergoes during inflation.
Any quantum field coupled to a gravitational back-
ground, even if minimally, is sourced by it, which leads
to particle creation in the form of entangled pairs in infla-
tion. During the radiation era, the dynamics of the field
is equivalent to that of a field in Minkowski space-time
and so there is no source that can affect the nature of the
quantum state created during inflation.
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We have assumed throughout a standard single-field
inflation because of the simplicity of its treatment from a
quantum field-theoretic point of view. However, we won-
der whether more sophisticated models of (multi-field)
inflation could enhance the entanglement. In particular,
it would be fascinating if those models leading to Primor-
dial Black Hole formation were also related to enhanced
long-range entanglement. Such long-range correlations
may give rise to the growth of isocurvature perturba-
tions on cosmological scales, which could have important
consequences for large scale structure formation and evo-
lution. We intend to investigate these new phenomena in
future works.
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